Fracture surface energy is calculated for a one-dimensional exactly solvable model for tensile cracks. Temperature-and forcedependendent crack surface tension is obtained on the basis of the self-consistent Einstein approach. Equilibrium lattice vibrations result in strong reduction of crack surface tension. In stark contrast to the Griffth concept, surface tension is a crack-size-dependent quantity in the nanoscale range.
Introduction
The study of external conditions and environment effects on mechanical behavior of materials is desirable from both fundamental and applied viewpoints. It may provide information necessary to describe the stability range for solidstate-based devices in a wide variety of external conditions (e.g. temperature, stress etc.).Therefore, quantitative description of key physical quantities which determine mechanical properties of materials (such as strength, plastic yield stress, etc.) is one of the challenging problems of modern material science. Current interest in nanoscale systems shifts the description methodology from the linear elastic mechanics (LEM) approach to the analysis of atomistically discrete models. Among the latter exactly solvable models are of particular value since they provide deeper insight into specific general physical properties of specific atomic configurations.
Surface energy of the crack, U S , introduced by Griffith (1920) 1) is the most important physical quantity that determines the threshold for an irreversible crack propagation in brittle materials. In his original paper Griffith stated that U S is linearly proportional to the crack length L: U S ¼ 2 S L where the crack surface tension (CST) 2 S is assumed to be a crack-size independent parameter of the material.
2) Despite fundamental importance of the crack surface energy (CSE) concept, limited progress has been made in a rigorous quantitative description of that quantity. Especially surprising is that little attention has been paid by researchers to the temperature dependence of CSE. Meanwhile, the non-zero response of S to local temperature variation near the crack tip may appreciably affect both the onset stress for a nonisothermal quasi-brittle fracture and the dynamics of crack propagation. 3) This paper addresses the temperature/force dependence of surface crack tension, which will be calculated on the basis of a quasi-one-dimensional model of a tensile crack. The paper is organized as follows. In Section 2 a quasi-one-dimensional model will be described on the basis of which we are solving the problem. The mean-field-type method of calculation will be described, which is based on a self-consistent variational procedure. In Section 3 the results of our study will be presented. The effect of both temperature and external force on the CST will be demonstrated. Physical interpretation of the results will be given. Specifically, it will be shown that lattice vibrations introduced within the self-consistent variational scheme result in a strong reduction of the CST. Scaling features of surface tension will be demonstrated. In Section 4 a short summary of the results obtained will be provided.
Model and Basic Equations
Consider a quasi-one-dimensional system with a cracklike structure (Thomson model; see Fig. 1 ) that consists of a semi-infinite chain of point atoms 'bonded' longitudinally by linear bendable elements (corresponding effective stiffness is ) and transversely (ahead of the crack tip) by linear stretchable elements (effective stiffness is ). The Hamiltonian of the system may be written as a function of the atoms momentum p j and displacement u j ð j ¼ 0; 1; Á Á Á 1Þ across the chain (see Fig. 1 )
Here the factor 2 in the kinetic energy term reflects identical contribution due to the transverse motion of two atomic chains, and the total potential energy of the system reads
The expression (2) includes the surface energy of a crack 
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supplemented by the contribution of the 'critical' (l-th) bond U B ðu l Þ, which is assumed to be in the nonlinear force region; here U B ðu j Þ ¼ U I ðu j Þ À U I 0 and U I ðuÞ is specific interatomic interaction potential energy with a minimum U I 0 corresponding to zero-stress interatomic spacing a 0 (see Fig. 2 ). The contribution to the strain energy of flexural and stretchable bonds is described by third and fourth terms, respectively, in (2), while the potential energy due to external loading is described by the last term in (2) (opening forces P are localized at free ends, j ¼ 0). The relation (3) implies that first l atomic pairs ð0 j l À 1Þ are weakly interacting through the finite-range interatomic attraction ( f ðu j Þ ( f ðu m Þ, since u j > u Ã for j < l; see Fig. 2 ). On the contrary, the bonds j > l being weakly deformed are still in the elastic regime. A relatively simple, quadratic dependence of U T in displacement u j (j 6 ¼ l)-makes the model (1) analytically tractable (at least for the zero-temperature case), as it will be seen below. The analysis of a more advanced model assuming a more realistic interaction between each pair of atoms (and even with the neighbors) would require more extensive numerical work, while providing essentially no deeper insight into the physical picture revealed.
Surface energy; T ¼ 0
For a given applied load P and crack length L ¼ l a o (hereafter we assume a square ''crystal'' lattice), the equilibrium conditions
determine a set of equilibrium displacements u j;0 . The solution of the system of equations (4) for zero-temperature case was presented in an elegant way by Fuller and Thomson (1978) 4) who succeeded to improve the original cumbersome treatment by Thomson, Hsieh and Rana (1971) .
5) The mainorder zero-temperature solution of the equilibrium equations for the 'cracked' region (j < l) reads as
where the dimensionless effective stiffness parameter > 1
1=2 . For the elastically deformed region (j > l) the equilibrium displacement u > j;0 is described by:
where sin ¼ À1 . To obtain solutions (5) and (6) the assumption was made that U Bj does not depend on u j for j < l (a 'broken' bond approach 6) ). Performing summation in accordance with formula (3) and taking into account the equilibrium-displacement solutions u j;0 (see expressions (5, 6) ) one computes readily the zero-temperature surface energy of a quasi-one-dimensional 'crystal' with a crack-like defect. In the limit jU I ðu j Þ=U I 0 j ! 0, ð j < lÞ the CSE is expressed as U S ¼ jU I 0 j l which brings a constant CST:
In what follows calculations will be performed to first-order accuracy in parameter ( 1 which may be reasonably defined as Fig. 2 (b)) is practically equivalent to the 'energy' criterion, since f ' U .
Finite temperature case
To find the temperature dependence of the CSE one should perform statistical averaging with the help of the Gibbs canonical probability function W
where the canonical partition function
dx j dp j ð8Þ
should be calculated employing the non-local system hamiltonian (1) . Unfortunately, such a non locality prevents obtaining closed-form results, which makes the problem practically untractable. To avoid this circumstance we extend the zero-temperature scheme to the case T 6 ¼ 0 employing the self-consistent Einstein approach suggested by Matsubara (1976).
7)

Trial Gibbs free energy
It is quite instructive to describe here this powerful method which provides reasonable quantitative description of the arbitrary nonlinear model. The main idea of the method is to analyze a complex vibrational behavior of the original system on the basis of a model system consisting of the statistically independent harmonic oscillators with the variable frequency (stiffness) to be determined from the variational procedure. For this we employ an Einstein-type hamiltonian H 0 :
where parameters j and j describe the effective stiffness coefficients of the Einstein oscillators (in fact, finite- frequency optical phonon modes), which are characterized by a quadratic energy dependence upon the displacement
) of the j-th atom from its equilibrium position x j;0 . The last term in (9) reflects potential energy shift due to external forces P. The Gibbs-free energy G 0 corresponding to the hamiltonian H 0 is expressed as follows
where
and F 0 0 is an inessential constant. Being unable to calculate exact Gibbs free energy G of the original system we resort to a trial one, G y ¼ G 0 þ hH À H 0 i 0 , which with the help of equations (1), (2), (7), (10) and (11) may be presented in the following form:
where lj is the conventional delta-symbol. The brackets h i 0 mean the statistical average over canonical ensemble (7) described by the Einstein hamiltonian H 0 (9). Thermal average of the j-th pair potential (1 j 1) is expressed as:
where j ¼ j for 1 j l À 1, and j ¼ j for l j 1. Note that in the expressions (12) and (13) we employ thermal average of the zero-order solutions (5), (6) (in ( 1) of the Eq. (4). According to the Bogoliubov-Gibbs variational principle 9) G G y ;
the trial Gibbs free energy G y bounds the true Gibbs free energy G, corresponding to the original system. Nevertheless, with an adequate selection of the trial hamiltonian H 0 , which implies i) preserving symmetry properties of the original system
and ii) allowance for analytical evaluation (the second-order polynomial expression for H 0 ), one may hope to approach as close as possible to the quantification of a true system. Note that in the zero-temperature limit (T ¼ 0) G y coincides with G.
Variational procedure
By minimizing G y with respect to the stiffness parameters j , j (j 6 ¼ l) one finds readily from eq. (12) j ' 3 ð1 j l À 1Þ;
note slight modification of the stiffness constant j introduced here for convenience. 6) Physically, relations (15) above describe the effective frequency
of the statistically independent Einstein oscillators. The effective stiffness of the 'critical' bond l , which is determined self-consistently by minimizing G y ðu l ; l Þ with respect to l , satisfies the nonlinear integral equation:
Note that strictly speaking eq. (16) is valid only in a ''brokenbond'' limit, since it is derived by neglecting terms of the order $ jU I ðu j Þ=U I 0 j < 1. It is clear, however, that accounting for the neglected terms would bring a second-order correction to the CSE in (3) which we are not interested in. Moreover, to go beyond the main-order approximation at present seems an unfeasible task.
Aiming to obtain the equilibrium surface energy of the crack we have to solve (16) simultaneously with the minimization condition for G y :
After solving (16)- (17) numerically one finds the equilibrium displacement of the nonlinear atomic pair u Ã l;0 and the effective system stiffness Ã l for a fixed temperature T and force P. Then performing necessary summation in accordance with the eq. (3) one obtains the surface energy of the crack U S ðT; PÞ and finally its surface tension S ðT; PÞ. We wish to emphasize that within our approach this quantity is calculated in a truly self-consistent way by taking into account actual atomic interaction between crack faces. Conventionally, starting from the pioneer paper by Griffith (1920) , 1) the surface tension of the free surface is taken for S . Being quite reasonable estimate for macrocracks, this assumption obviously fails for the micro-and/or nanocrack case. The role of the distance-dependent interaction between peeled surfaces was recently discussed by Yudin and Hughes (1994).
10)
Results and Discussion
To be specific we employ the Lennard-Jones pair potential
which is used as a quite reasonable approximation for molecular interaction in the brittle covalent crystals. 11) In what follows all energies are measured in units of 0 , distances in units of the equilibrium spacing r 0 a 0 and force as well as the surface tension is measured in units of 0 =r 0 . The statistical average of the nonlinear interaction potential hU I ðu; TÞi 0 being defined by eq. (13) gives a quite complex analytical expression not presented here.
Nonlinear stiffness
With the help of (16)- (18) Fig. 3(a) for several values of force P; the function Ã l ðPÞ is shown in Fig. 3(b) . While solving the minimization equations above we discovered that physically meaningful (i.e. positive) solution for Ã l exists only within a certain temperature (or force) interval T < T s ðPÞ (or P < P s ðTÞ); for T > T s ðPÞ (or P > P s ðTÞ) no solution is available for a fixed-crack configuration (with l ¼ 20). Physically T s ðPÞ means the lattice softening temperature beyond which system containing a large crack-like defect with l > 20, is energetically more favourable. 4) Since the effective stiffness suffers a sharp decrease when both T approaches T s ðPÞ (see Fig. 3(a) ) and P approaches P s ðTÞ (see Fig. 3(b) ), we conclude that the system demonstrates critical behaviour near the Einsteinlattice softening transition. A more detailed study of the critical properties of the system in the close vicinity of the lattice softening temperature ðT s À TÞ=T s ( 1 (or force ðP s À PÞ=P s ( 1) will be reported elsewhere. The dependence P s ðTÞ shown in Fig. 4 can be reasonably well approximated by a quadratic polynomial
with P s ð0Þ ¼ 0:15, a 1 ¼ 0:93, a 2 ¼ 2:67 Á 10 À3 and T max ¼ 1400 K (see the guiding solid line in Fig. 4) . Actually, the line P s ðTÞ in the T; P-plane denotes the stability threshold of the force-and temperature-affected lattice. Beyond this threshold the system being mechanically unstable is characterized by an unbounded barrierless crack propagation which results in an ultimate fracture of the ''crystal''.
Temperature-dependent crack surface tension
The crack surface tension S dependence upon temperature T is shown in Fig. 5 (a) for large (P ! 0:07) and in Fig. 5(b) for low reduced force P values (5 Á 10 À4 P 0:01). It is seen that in both cases the CST significantly decreases with temperature: @ S =@T < 0. This result seems physically obvious since the depth of the potential well decreases with temperature, and, in addition, the average distance between corresponding atoms in the upper and lower chain (see Fig. 1 ) increases with T. Such a possibility has already been discussed by Maksimov (1990) 12) on the basis of phenomenological approach. The results of present study, based on the analysis of an exactly solvable model of a crack, provide a more solid basis to previous intuitive consideration. Note also that our discovered negative surface tension response to thermal disturbances apparently contradicts (@ S =@T > 0) predicted by Cherepanov (1993) 13) with the help of a semiqualitative phase transformation approach.
Higher force range: universal behaviour
Further analysis shows that for the higher force P case the function S ðTÞ is practically linear within low temperature range T 300 K; however, for T ! 300 K the nonlinear 'tail' appears. This observation is in accord with the experimentally obtained ''constant-slope'' dependence of the 110 ðTÞ:
which was reported by Hondros (1968) 14) and Mills (1973) 15) for the 3% silicon-doped iron alloys. It is worth noting here that first report on the linear decrease of the crack surface tension with the environment temperature is due to Griffith, who performed his classical experiment on a glass specimen. We should point out, however, that in this and subsequent treatments a free-surface tension of glass (or another material) was analysed, practically ignoring interaction between crack faces. As shown in Fig. 5(a) , the dependence S ðT; PÞ for the potential (18) can be approximated by the following universal function:
max ¼ 1000 K, and the quantity S ð0; PÞ % 0:50, representing the zero-temperature surface tension is practically constant. The linear term in eq. (20) corresponds to the surface phonon modes contribution to the crystal free energy, [16] [17] [18] while the quadratic term, in our opinion, is due to the anharmonicity effect, which is a generic feature of the potential (18).
Lower force effect: failure of universality
In the opposite case of the lower reduced force P the dependence S ðTÞ in the entire temperature range T T 0 max % 1000 K is more peculiar (see Fig. 5(b) ). Specifically, we have discovered that within higher temperature range T ! 400 K the function S ðTÞ practically coincides with the approximation (20) , which demonstrates a positivecurvature behavior. However, for T < 400 K a visible nonlinear portion appears, which is characterized by negativecurvature. It is obvious from the Fig. 5(b) that in order to describe the low-temperature portion of dependence S ðT; PÞ a non-universal quadratic in T term should be added to the approximation (20) at T < 400 K. Physical reasons for such universal ''failure'' in the lower temperature range is explained by a sufficiently large number of the non-saturated bonds within the crack opening zone.
Force-dependent crack surface energy
The dependence of crack-surface energy U S on force P is shown in Fig. 6(a) . It is seen that @U S =@P > 0 in a lowerforce range (P < " P P). At P > " P P the force effect is practically absent: @U S =@P ' 0, which is obviously due to the greater crack opening. Taking into account relation (20) it can be easily shown that U S is an increasing function of P at finite temperatures. Indeed, by differentiating (20) 
where É 0 2 denotes the derivative of second-order polynomial É 2 . As shown in Fig. 6(b) , the dependence U S ðPÞ for the potential (18) can be approximated by the nonlinear functionŨ U S ðPÞ:
with the adjustable parameters P 1 ¼ À0:01, P 2 ¼ 0:01). Such unexpected nonlinear behavior of the CSE inside the low-force range (P < " P P) reflects the existence of a sufficiently large number of non-saturated bonds within the crack opening zone.
Crack-length dependence of CST
The validity of the crack surface tension concept within the nanoscale range has neither been tested experimentally nor challenged theoretically. Meanwhile, it is well-known that the surface tension of minidroplets is in fact a droplet-sizedependent quantity. 19) Therefore, it is of interest to check whether the Griffith assumption '' S is a crack-size independent quantity'' is valid down to the nanocrack-size range. In order to study the crack-length dependence of the CST we have calculated the S ðT; PÞ for different values of l keeping fixed both the temperature and the force. The dependences obtained are shown in Fig. 7(a) (for different temperatures) and in Fig. 7(b) (for different forces) . It is clearly seen that Griffith assumption is not valid for sufficiently short cracks l l Ã ðT; PÞ; in our calculations it was found l Ã % 10 for T 400 K and P 0:1. Indeed, in the case of a 'nanocrack' (l < 10; see Figs. 7(a) and 7(b)) the crack surface tension becomes a size-dependent quantity, characterized by a rather linear behaviour at l ( l Ã . Employing Tolman-like arguments one may suggest a simple interpolation formula for the effective CST eff S ðL; T; PÞ of a nanocrack:
where L Ã ¼ a 0 l Ã ðT; PÞ is the cross-over length and 1 S ðT; PÞ corresponds to the macrocrack limit L ) L Ã . However, our data are better described by a more complex function. Specifically, the nondimensional function
with the unique set of parameters m ¼ 2, L 1 ¼ 1:5a 0 , LÃ ¼ 3:5a 0 fits our data reasonably well (see Figs. 8(a) and 8(b) ).
Plastic contribution
We should point out that, generally, the plastic work in the case of quasibrittle fracture also provides a significant contribution to the thermal response of the crack surface energy. Specifically, the plastic component P of total surface tension T ¼ S þ P usually increases with temperature, 12) what is mainly due to thermally-activated overcoming of the dislocation-nucleation and/or dislocation-drag barriers, 20) Therefore overall thermal response of T is predetermined by the most sensitive term (among S and P ) with respect to the temperature variation. For example, a monotonic 'positive-slope' behaviour of the cleavage surface tension with the environment temperature (@ T =@T > 0) for the zinc crystal (both pure and containing cadmium) confirms a dominant contribution of the plasticity effects to the fracture surface energy of the ductile zinc crystal. 21) Similar consideration can be made with respect to the force responce of the CSE. As it is shown above, the brittle term S is an increasing function on P. The exact expression for the P ðPÞ is not available at the moment. Nevertheless, one may argue that the increase of force will increase the number of dislocations emitted from the crack tip thus providing an appreciable contribution to the plastic component P of the CST. The resultant response function of the CST @ T =@P will be determined by the the most force-sensitive term in T .
To quantify properly the irreversible processes related to the dislocation creation on the basis of a rigorous statistical mechanics treatment is as yet not solved problem of (b) Fig. 7 The dependence of the crack surface tension on the dimensionless crack length l a) for different temperatures T; b) for different force P values.
nonequilibrium thermodynamics. Therefore a more detailed approach incorporating local plasticity phenomena into a discrete atomistic model still awaits adequate formulation.
Concluding Remarks
Before coming to conclusions we would like to make few remarks clarifying the applicability range of the model used.
(1) We should emphasize that the Thomson model of the crack is essentially based on the assumption that only one element belongs to the nonlinear interaction mode. This is a quite reasonable assumption since the optimal transition path of a complex nonequilibrium system towards a thermodynamically equilibrium state represents a series of local transitions through lowest-energy saddle point configurations. 22) (2) Detailed study reveals that in the lower force/temperature range the number of atomic pairs being in the nonlinear interaction range may exceed one. For example at T ¼ 0 (and force P ¼ 0:002) just ten pairs belong to the nonlinear interaction range. However, with temperature increase the number of the nonlinearly interacting pairs decreases. This result in part confirms the validity of the employed crack model.
(3) In the original formulation the system was considered truly one-dimensional. However, it would not be so difficult to extend the model to a completely two-dimensional version, for example assuming that transversal (i.e. normal with respect to the plane; see Fig. 1 ) stretching constants are finite. This assumption would allow the transversal phonon modes to propagate across the chains, which would make the problem more complex for analysis albeit richer for nontrivial results. Further study of higher-dimension extension of the original model would be of significant interest.
In conclusion, we have demonstrated temperature and force dependence of the crack surface energy on the basis of a simple (but nontrivial) quasi-one-dimensional model. The model discussed provides a constructive approach to find both the temperature and force dependence of the CST in a real crystal. By introducing the surface-phonon frequency spectrum related to the specific crystal direction one may in principle quantify the temperature-dependent (and/or forcedependent) surface tension corresponding to the specific crystal plane. Further efforts in this direction would be desirable. 
